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Abstract 


General  stochastic  Integral  systems  involving  Me Shane  Integrals 
are  studied.  These  systems  Include  classes  of  stochastic  integro- 
diff erential  systems.  Existence ,  uniqueness,  and  stability  of  solutions 
to  such  systems  are  Investigated  using  contractor  theory.  In  particular, 
the  results  yield  frequency-type  conditions  for  the  stability  of  a  class 
of  stochastic  systems. 
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Introduction 


Stochastic  equations  are  important  in  stochastic  systems  theory  as 
well  as  in  other  areas  of  science  and  engineering  [9].  Existence,  unique¬ 
ness,  stability,  and  approximation  of  solutions  to  such  aquations  have  been 
studied  by  several  authors,  for  example,  Bharucha-Reld  [2],  Blankenship  [3], 

Lee  and  Padgett  [4],  Padgett  and  Rao  [6],  Padgett  and  Tsokos [  7]  ,  to  name 
a  few.  In  this  paper,  a  general  stochastic  integral  system  which  includes 
classes  of  stochastic  integro-dlfferential  systems  is  studied.  In  particular, 
this  paper  generalizes  the  work  of  Padgett  and  Tsokos  [73  and  of  Rao  and 
Tsokos  [8]  on  integro-differentlal  systems  and  yields  frequency-type  conditions  for 
the  stability  of  a  class  of  stochastic  systems,  extending  the  work  of 
Blankenship  [33. 

Consider  the  stochastic  Integral  system 


x^tjw)  -  x^  0(«)  +  /*  h^(s,x(s;u) ;u)ds 
P 

+  ^  A)  rlij(t,T)  ^0  Klij  (t ,s;u)flij(8,x(s;w))dZj(s;u)dT 

+  f  ^  Jq  r2ijt<**T>  /oK2iJi*T,8;“*f2iJi*8,x***“®d*J*8;“*d*i*#;“*dT' 


1*1,2, . . . , n , 


(1.1) 


where 


(i)  t  e  R+  s  [0,**),  «  «  0,  the  supporting  set  of  a  complete  probability 
measure  space  (0,A,P); 

(ii)  hts  R+  *  Rn  x  n  R  s  <—,«); 

(ill)  riij(t,T)»  r2iji ^ *T)  are  continuous  real-valued  functions  defined 


(IV)  *iij <*»•»“)  *°d  K2ijt^t»**w^  *re  reel -valued  fuoc Clone  defined 
for  0  s  •  s  t  <  •  and  weft; 

R  *  R  ^  Ri 

(vl)  z(t;u)  with  subscript  is  a  real-valued  stochastic  process  satis¬ 
fying  certain  conditions;  and 

(vll)  x(t;w)  is  a  vector  stochastic  process  with  components 
s^(t;w),  1  ■  1|2| • • • >n» 

The  Integrals  involving  the  process  i(s;u)  in  the  equation  (1.1)  are 
to  be  understood  as  McShane  Integrals  [53.  Throughout  the  paper  we  consider 
subs  involving  subscripts  i,J  and  1.  For  notatlonal  simplicity ,  we  let 

J  5  £  and  I  s  ^  unless  otherwise  stated, 

i  i-1  j,i  J,i-1 

2.  Preliminaries 

Let  (ft,A,P)  be  a  complete  probability  measure  space.  We  shell  assume 
that  there  is  a  family  of  sub-o-algebras  A^  ,t  c  R+,  such  that  for  s  <  t, 

A  c  A  .  We  shall  further  assume  with  respect  to  equation  (1.1)  that 

8  t 

(H^)  every  process  denoted  by  z(t;u)  with  subscript  is  a  reel-valued 
stochastic  process  adapted  to  A(,  with  almost  surely  (a.s.) 
continuous  sample  functions, and  satisfies  the  condition 
E[(s(t;u)  -  z(s;u))r|A#]  i  K(t-s),  where  OSsit<»,  r*  1*2,4 
end  K  is  some  constant; 

(H2)  Xq(u)  Is  measurable  with  respect  to  A  sad  is  mean-square  continuous 

(H3)  g11j(t,s;«)  end  ,s;«)  ere  adapted  to  A(  for  ell  the  and 

ere  continuous  as  maps  from  A  ■  {(t,s):  0  &  s  s  t  <  •}  into  La, 


the  set  of  all  P-essentlally  bounded  randoa  variables  (define  the 

nora  1 1 |K(t,s;u) 1 1 1  »  P  -  ess  sup  |K(t,s;u) | );  and 

men 

(H^)  for  any  n-dimensional  mean-square  continuous  process  x(t;«)  adapted 
to  At,  h(t,x(t ;«);«),  f^jU.xUje))  and  f2ij£(t,x(t;«))  are  adapted 
to  At  and  are  mean-square  continuous. 

Under  the  above  assumptions ,  it  is  known  [5,pp.  61-70,  138-139]  that  for 
an  n-dimensional  mean-square  continuous  process  x(  s;u)  adapted  to  A#,  the 
McShane  Integrals  in  equation  (1.1)  exist,  are  adapted  to  At.  shd  satisfy  the 
following  inequalities: 

CE(/q  Klij(t,s;u>)flij(s,x(s;ai))d*j(s;u>))2],S 

S  2K ;/J  [E{Klij(t,s;eo)fUJ(s,x(s;«)))2],*ds 

♦  E{/jj  K11^(t,s;w)fli^(s,x(s;«))d*^(s,w)}2 
S  c2/*  E{K11^(t,s;w)flij(s,x(s;u))}2ds  (2.1) 

and 

E(/q  K21jl(t,s;w)f21jl(s,x(s;»))d*j(s;«i»)dsll(s;w))2 

s  c2/*  E{K21jl(t,s;«)f21.l(a,x(s;«)))2da  (2.2) 

where  c  ■  2K  /t  +  /T ,  K  la  the  constant  defined  in  (Hj) ,  and  E  denotes 
expectation. 

We  shall  now  define  some  specific  function  spaces  that  will  be  used 
in  this  study.  Let  y(t;u)  be  a  second-order  scalar  process  adapted  to  Afc. 
Denote 


I  |y(t;w)  1 1 2  ■  CE{y(t{«))2]>*. 


(2.3) 
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Definition  2.1.  C  £  CO^.L^O.A.P))  will  denote  the  space  of  scalar  mean- 
square  continuous  functions  y(t;u)  adapted  to  A^.  He  shall  induce  a  topology 
on  C  by  the  family  of  semi-norms 


l|y(ti»)||c  *  »up  ||y(t;»)||  •  12 

n  t«[0,n]  2*"  1,2 . 


(2.4) 


It  is  known  [9]  that  this  topology  is  metrlzable  and  the  resulting  metric 
space  is  a  Frdchet  space. 

Definition  2.2.  will  denote  the  set  of  functions  y(t;u)  in  C  such  that 

sup  | |y(t;u) | L  <  -. 
tkO  2 

Then,  C.  is  a  Banach  space  with  norm  ||*||  r  defined  by 

1  n 

l|y(t;w)||c  -  sup| Iy(t;w)| L. 

C1  tkO 

Definition  2.3.  Let  B  and  D  be  Banach  spaces  in  C  and  let  T  be  an  operator 
on  C.  Then  the  pair  (B,D)  is  said  to  be  admissible  with  respect  to  T  if  TBcD 

Definition  2.4.  A  Banach  space  B  in  C  is  said  to  be  stronger  than  C  if 
every  sequence  which  converges  in  the  norm  of  B  also  converges  in  the  topology 
of  C. 


Definition  2.5.  will  denote  the  space  of  continuous  real  functions 
u(t)(tkO)  with  norm  ||u||a  defined  by 

Hull"  -  sup  |u(t)|. 
tiO 

Definition  2.6.  Let  x(t;u)  be  a  vector  process  with  components 
x.(t;w)(l  ■  l,2,...,n).  Then  x(t;w)  e  C°  (Bn  or  Dn)  if  and  only  if 
x^(t;u)  e  C(B  or  D). 


I|  .*l  ■HIIMDI 
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The  following  lemma  Is  well-known  [9]. 

Lemma  2.1.  Let  T  be  a  continuous  linear  operator  on  C.  Let  B  and  D  be 
Banach  spaces  stronger  than  C  such  that  (B,D)  is  admissible  with  respect 

to  T.  Then  T  is  continuous  from  B  to  D. 

We  shall  now  Introduce  the  concept  of  a  bounded  Integral  vector  con¬ 
tractor  for  a  set  of  vector  valued  functions.  Let  B  and  D  be  Banach  spaces 

stronger  than  C.  Define  the  linear  operators  T,  T. and  T  .  on  C  by 

(Ty) (t;w)  -  y(s;u)ds,  (2.5) 

(T^yXtjoj)  -  /*  rlij <c.t)  Jq  Klij(T,s;w)y(s;u)dZj(s;ji»)dT  (2.6) 

(TijZy)(t;u)  -  Jq  r2ij^(t»t)  Jq  K21^Jl(T,s;w)y(s;o))d*j(8;u)dsJl(8;u))dt. 

(2.7) 

Assume  that  the  pair  (B,D)  is  admissible  with  respect  to  each  of  the  operators 
*,Tij*  and  Tiji*  Let  Mt,x;»),  ,  and  f2i^(t,x;u)  be  real-valued 

functions  such  that  h(t,x(t;u)  ;u) ,  f^  (t*x(t;u)  ;u) ,  f2^^(t,x(t;w)  ;u>)  are 
in  B  whenever  x(t;u)  e  Dn.  Let  f ^  denote  the  n*p  matrix  with  elements  f 
and  let  f2  denote  the  n«p*p  three-dimensional  matrix  with  elements  ^ijt* 

Definition  2.7.  The  set  of  functions  (h.f^.fj)  is  said  to  have  a  bounded 
integral  vector  contractor  (r,r^,r2)  with  respect  to  (Bn,Dn)  if 

(1)  r  s  r(t,x)  is  a  bounded  linear  operator  from  D  to  B  for  each  t  e  R+ 
and  x  e  Rn.  The  function  ||r(t,x)||  is  continuous  in  (t,x)  and 

| |r(t,x)| |  s  Q(t)  where  Q(t)  is  a  bounded  continuous  function; 

(2)  r2  is  an  (n  xp)  matrix  of  operators  T^^(t,x)  such  that  for  each 
t  e  R+  and  x  e  Rn,  r^(t,x)  is  a  bounded  linear  operator  from 
D  to  B.  The  function  I |r^^. (t,x) | |  Is  continuous  in  (t,x)  and 


f 


■gag 


y  ||r  (t,x)||  S  Qjtt),  where  Qj(t)  is  bounded  and  continuous; 

i 

(3)  r 2  is  a  three-dimensional  matrix  of  operators  8ucb  that 

for  each  t  «  R+,  x  «  Rn,  r21jt(t»x)  18  a  bounded  linear  operator 

from  D  to  B.  The  function  I  lr2iji^t,X^ 1 1  *8  continuou8  *n  ^t,x^ 

and  I  I  lr,44.<t»x>l  I  *  whete  Q2Ct>  18  bounded  and  continuous; 

and 

(4)  for  x(t;o>),  y(t;u>)  e  Dn,  the  following  inequalities  hold: 

||h(t,xU;u>)  +  y(t;w)  +  (Try)(t;w) 

+  «I 

3  »* 

-  h(t ,x(t ;w) ;w)  -  (ry^)(t;w)l s  0 j 1 1 y I !  n • 

|lf  (c.xtMw)  +  y(t;u)  +  (Try)(t;«) 

+  «I  TujW*ti“) 

+  «  I  ' I2ijtr2ijl,y)<ti“>) 

3  •  * 

-  fj^Ct.xttjw))-  <r11jyi)(t;“)l  U  S  °lij^y^Dn; 

||f  (t,x(t;w)  +  y(t;w)  +  (Try)(t;w) 

+  <■]  hi JW,<t;“) 

+  (J,T21Jtr2ll‘y><ti")) 

J 

-  f2ij)l(t,x(t;u>))  -  (r2ijtyi)(t,,,>^BS#ldJ,y^D«’ 
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where  Try,  (jT^r^Jy,  end  ([  T2ijtr2iji*y  *re  n_vector»  with 

tT21jtr21Jl)yl> 

Let  a  denote  n-vector  with  components  a^,  the  n*  p  matrix  of 
constants  a^ij  an<*  a2*  t^ie  three-dimensional  n^pxp  matrix  of 
constants  a2ijl#  Then  the  triplet  (a.a^yO^)  will  be  called  the 
vector  of  contractor  constants# 

We  remark  that  from  equation  (2.5)  and  the  assumption  (H^)  on  and 

and  from  the  inequalities  (2.1)  and  (2*2),  it  is  readily  demonstrated  that 

the  operator  T,  T.  ,  and  T0  40  are  continuous  on  C.  Hence,  if  a  pair  of 
lij  *ij^ 

spaces  (B,D)  are  both  stronger  than  C  and  admissible  with  respect  to  T, 
and  ^°^OW8  from  Lemma  2.1  that  these  are  bounded  linear 


operators  from  B  to  D.  Therefore,  there  are  constants  k, 

that 

“4  k21j£  ,och 

1 |t| |  *  k. 

(2.8) 

1  lTiijll  s  kli;J»  and 

(2.9) 

1 1 T2iji 1  I  S  k2ij! 

(2.10) 

Definition  2.8.  The  random  function  x(t;u)  will  be  called  a  solution  of  the 
equation  (1.1)  if  x(t;w)  e  C°  and  satisfies  (1.1)  a.s. 

3.  Existence  of  Solutions 

In  this  section  the  concept  of  a  bounded  integral  vector  contractor,  as 
defined  in  the  previous  section,  will  be  used  to  obtain  the  existence  and 
uniqueness  of  solutions  of  the  general  stochastic  integral  system  (1.1). 

The  conditions  under  which  the  existence  and  uniqueness  will  be  proven  are 


components  TTy^  (ITlijrlij)y1>  <1 


8 


very  general,  and  as  a  specific  application.  Theorem  3.3  will  be  used  in 
Section  4  to  study  stability  of  stochastic  systems  under  frequency-type 
conditions. 

In  the  following  theorems,  B  and  D  will  denote  Banach  spaces  stronger 
than  C  and  Bn  and  Dn  will  be  the  corresponding  product  spaces. 


Theorem  3.1  Let  the  system  (1.1)  satisfy  the  following  conditions: 

(1)  Xq(w)  c  Dn; 

(2)  the  pair  (B,D)  is  admissible  with  respect  to  each  of  the 

operators  T,  and  T^^; 

(3)  the  set  of  functions  (h,f^,f2)  has  a  bounded  integral  vector 
contractor  (T,!^,^)  with  the  vector  of  contractor  constants 
(a,alto2). 

Then,  if  ka  +  J  k..  a,..  +  J  <  there  exists  a  solution  to 

i  .  i  ^  zXjx 

j  n  ^  * 

equation  (1.1)  in  D  . 


Proof.  Consider  the  sequence  defined  by 

xi(nrfl)(t;<o)  -  x^m)  (t;w)  -  [y<m)(t;u>)  +  (Try<n))  (t;u>) 


+  ?  (Tlijriij  yi 


lijlij 


+  A(T2ijir2ij*  yi 

J  •  "* 


o  *  0)1 )2) » * • {  1  m  1)2) i . • )Q| 


(3.1) 


where 


y|m)(t;a»)  -  x^(t;«)  -  xi()(u>) 


-  (Th(s,xv  '(s;w);u>))(t;u>) 
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-  (Z  Tiij£ilj(»»*(“)  (•;“)))(t;«u) 

-  (  l  T21j^2ij£(,»,t<")(,*"))(tJ“)»  (3*2) 

i 


»<B)  ■  (»<■>,  «<*> . «<">),  x0M  «  D". 


It  is  clear  from  the  definition  of  the  operators  T,  T.  ,  and  r_.  f  and 

Xlj  21JI 

from  the  admissibility  of  (B,D)  with  respect  to  T,  T...,  and  T,  that 

llj  4IJ l 

X(°\  e  Dn.  We  shall  now  show  that  |  |y^*^|  |p  -*•  0  as  m  ♦  •.  From 

equations  (3.1)  and  (3.2),  we  have 

y(m+l.)  (t  jco)  -  (Th(s  ,x(m)  (s  ;w)  ;  to)  )  (t  ;u) 

+  I  (Tiij f  iij (s  *x(n,)  (s ;“)  >  Hc ;«) 


+  .^(T2ijif2iji(8‘X<m)(8;<l,))Cttu,) 

J 


-  (Try<m))(t;<o) 


“  ^(Tlijriijyi 

“  ^,(T2ijir2ijiyi 

-  Th(s,x^  (s;u>)  -  y^(s;u>) 

-  (Try(B))(s;w)  - 

‘  Cj^T2iJ£r2ijiy(“)]<8i“>;“) 

“  ITiijfiij(8»x(m)<B;“)  ■  y<a> <•*•> 
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-  <Try<*V«;u)  -  tIiUJrUJy<*): 

"  1  AT2ijtr2iji*<“>1(,i“>)<*s“) 

J  I4 

~  J  T2ijt£2iji(8»x(m)(85“)  _  y<")(8{w) 

-  (Try(m)) (s;<d)  -  CZTUjriljy(-)3(.;«) 

( J>  T2ij£r21jly<  ))(8»w)*  (3»3> 

j  •  £ 

Equation  (3.3)  together  with  equations  (2.8)  and  (2.9)  enable  us  to  conclude 

I  I yi  *  Ckoi  +  ^  kliJ°lij 

+  l  k2Ut#2Ui3MyillD  *  oJlIy^IlD,  (3.4) 

where  <  1.  It  therefore  follows  that  1 1 1 1 ^  ♦  0  as  Also 

from  equation  (2.1)  we  have 

Hx(^D  _x(m)||DS  ||yW||D  +  k||r,W||B 

+  |  klij^riijyi  ^ 

+j^tk2ijl^r2ijtyl 

*  tl  ♦  Q*k  +  qJ  l  kltj 
+  Q2  i  kliJ£^  lyi*^  I  Ip 

j  »* 

where  Q*,Q*,  i  ■  1,2  are  upper  bounds  on  Q(t),  Q^(t) ,  i  -  1,2. 


(3.5) 
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It  follows  from  (3.4)  and  (3.5)  that  the  sequence  {x^}  is  a  Cauchy 
sequence  In  D.  Hence,  there  exists  an  x^  e  D  such  that  11a  x^-'  •  x^. 

In  view  of  the  continuity  of  operators  and  the  functions  Involved  In  equation 
(3.2),  it  follows  that  x^  is  a  solution  of  equation  (1.1)  and  this  completes 
the  proof.  /// 

We  next  prove  a  theorem  concerning  the  uniqueness  of  solutions  of 
equation  (1.1). 


Theorem  3.2.  Let  the  hypotheses  of  Theorem  3.2  be  satisfied.  Assume  In 
addition  that  the  linear  Integral  system 


ni(t;w)  -  y1(t;w) 


♦  l  Jq  Jo  Klij(t»*;“)(r11j(*.*(s;w))y1(».«)d*j(*;«)dT 

+  l  Jq  r2iji(t»T)  Jo  K21ji (t *8 Jw)r21jl <# ’*(* *w»*i(* ;w)d* j <• <• i“)dT 
J 

(3.6) 

has  a  solution  y^(t;u)  in  D  for  every  x(t;w)  e  Dn  and  n^(t;u)  «  D.  Then 
equation  (1.1)  has  a  unique  solution  x(t;u)eDn. 

Proof.  Let  x^(t;u>)  and  xp^(t;o>)  be  two  solutions  In  D  of  (1.1)  corresponding 
to  two  initial  random  variables  x^^(u)  and  x^2q(m),  1  •  1,2,. ..,n.  Then 

*^(tjm)  -  x*2*(t;w)  -  *i*q(“)  -  x^qM  ♦  C/q  ^(s^*1* (a;«) ;«) 


-  h1(s,x^2^(s;<t>);n>)]ds 


+  l  /q  Jq  K11.(T,s;«)Cf11.(s,x(l\a;«)) 


11J 


-  f11j(s,x^2^(s;«))  d*j(s;w)dT 
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+  J  /q  /q  k21Jl^* »**«)Cf2i<t(s,X^  ^ (•»«)) 


i.J 


21J1 


-  f 2ijt  (•  »* (* »«)  )  Ms^  (•  ;w)d*t  (•  ;u)dT 

i  -  1,2,. ..,n. 


(3.7) 


Letting  ri^  (•;<!>)  •  x^(t;w)  -  xj2^(t;w)  ve  can  conclude  froa  the  fact  that 
(3.6)  has  a  solution  for  every  *  and  x,  that  there  la  a  y^(t;«)  c  D  auch  that 

x^(t;«)  -  x*2*(t;u>)  +  yi(t;u) 

+  I  rnj(t»T)  fo  K11j(T,a;w)(rilj(a,x(2)(a;«)y1)(a;»)d*j(a;«)dT 
+  l  r2ijt*t*‘r)  / o  K21^(T,s;«)(r21^1(a,x^2\a;w))y^(a;«)d*j(a;«)dal(aj»»)dT. 

j 


(3.8) 

From  (3.7)  and  (3.8),  and  upon  using  the  contractor  condition  and  simplifying, 
we  obtain 


ly^CtgcaJl  1D  S  ||*£o(«)  -  * 1 D 

(ok  +  J  +  I  ®21Jlk21JI)^yl<ti“)^D* 

j  J  *l 


from  which  we  get 


lyll  Id  S  <l  “  ak  "  I  °lljklij  “I  a21jlk21Jl)  *  ^*1,0  "  *1,0^D* 

J  J  »" 

(3.8) 


If  x^  •  x<2>  ,  It  follows  that  y^  *  0,  which  in  view  of  (3.8)  Implies 


that  ,<*>  -  x<2>. 


/// 


Ve  now  consider  the  following  special  case  of  the  equation  (1.1)  because 
of  Its  usefulness  In  applications: 


*(t;w)  •  h(t ;w)  ♦  /*  r0(t,t)  /J  K0(T,u{w)f0(u,x(u;»))du  dr 


*  I  / 

J.l 


0  r2ji*t,T*  /i  *2 •**;«)  *") W* j *•) C«^»)dt 


0.10) 


Let  Tq  be  Che  operator 

(TQx)(t;u)  •  /q  rQ(t,t)  Kq(t ,u;w)*0(u;w)dudt , 

and  let  and  be  aa  defined  in  equations  (2.6)  and  (2.7), 

respectively,  with  i  ■  1,  rj^j  "  rlJ,,r2iJt  *  r2Jl'  *SiJt  * 

a  * 

.  Also,  let  Cj  be  a  subspace  of  the  Banach  space  C^. 


Theorea  3.3.  Assuae  the  following: 

(i)  h(t;w)  c  C*. 

(il)  The  pair  (C^.cJ)  is  adaiasibla  with  respect  to  each  of  the 
operators  Tq.Tj^,  and 

(ill)  There  are  positive  constants  aad  such  that  the 

operator  (I  -  cQT0)  is  a.s.  invertible  on  Cm  and  the  operator 

(1  -  (I  -  cQT 0)'X(l  cljT1J  ♦  l  «2J1T2jf)>  11  “ 

J  a  J  »1 

a  aap  froa  to  C^. 

(iv)  |f0(t,utv)  -  fQ(t,u)  -  cQv|  <  y0|v|, 

|f1J(t,ufv)  -  fjjU.u)  -  c^v|  *  Tjj|v| *  «■< 

|f2jt(tt»»4,»)  -  “  e2jivl  *  Y2J1^^ 

for  u,v  *  R  whore  Y0,y^,and  Y2J2 


are  positive  conetaats 
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Then,  if 

1 1  (I  -  (I  -  cqT0)  (J  CjjTjj  ♦  I  c2jtT2Jt^ 

J  J  •* 

tY0ll(l  *  coTo)  l  ToIJ  *  j  YijH(I  -  coTo)  l  TijH 
*  4^i  “  coV  *  l# 

the  equation  (3.9)  hae  a  unique  solution  in  C*  such  that 
sup  ||x(t;w)||  i  M  sup  ||h(t;w)|L. 

t»0  t*0 


Proof.  Using  the  lnvertlbllity  of  the  operator  (1  -  CqTq),  aquation  (3.10) 
can  be  written  as 

*(t;*»)  •  fi(t;M)  ♦  f0?0(t,»(t;a)) 


where 


♦  I  T1^flJ(t,«(t;w)) 

♦  l  ^2ji^2Ji^*  •«(*>*»))• 


J.4 


(3.11) 


K(t,w)  -  (I  -  cQT0)"lh(t;n), 


f0(t(x)  •  f0(t,K)  -  CqX, 

*u  "  (1  “  eoV  1  T1J* 


*2J»  "  (I  *  coV  1  T2J». 


Ft on  condition  (l*)  of  this  thaorsn,  it  la  anally  verified  chat  with  the 


choice 
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riJ  "  C1JCI  ”  ^  *1J  *1J  "  ^C2Jt*2Jt]  1 

r2j£  *  c2ji  C1  "  |  C1J  *1J  ’  l  C2jt*2J»3  l*  0.12) 

the  set  of  functions  (f^f^.f^^)  has  s  vector  of  contractor  constants 

°0  "  Y  V  °1J  "  Y  Ylj*  “d  °2Jl  "  Y  Y2Jf  wh*r* 

Y  "  H(I  ’  I  clj?lj  "  \  ,  C2jt  ?2J1)  1^* 

The  existence  of  a  solution  now  follows  fro*  Theorem  3.1* 

To  prove  the  uniqueness,  wt  note  that  for  the  choice  of  contractors 
given  by  equations  (3.12),  the  equality 

1  *  |  TljrU  “  T2Jir2Ji  *  1  *  J  ClJflJ  '  lg  C2J ft  *2Jt*  °*13) 

holds.  Thus,  the  invertlbillty  of  the  operator  (1  -  J  c  T. .  - 

J  lJ1J  J 

Implies  that  the  equation 


^  c2Jl  ?2Ji) 


n(ti»>  -  (I  -  I  fjj  -  I  c 

J  J»* 

has  a  unique  solution  for  each  i|  <  C*.  Therefore,  by  Theorem  3.2  and  fron 
equation  (3.9)  the  solution  is  unique  and  satlsflea  the  condition 

sup  | |x(t;w) | | -  s  M  sup  | |h(t;w) | | 
tbO  t*0  4 

III 


4.  Application  to  the  Stability  of  Stochastic  Systems 


In  this  section  tie  shall  dlscuas  the  etablllty  of  solutlona  of  a  special 
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class  of  feedback  systems  with  convolution  kernels*  sector-bounded  nonlinear- 
Itles,  and  disturbances  comprised  of  e  Brownlen  motion  end  e  Poisson  point 
process.  Using  the  contractor  theory,  ve  shell  obteln  sufficient  conditions 
under  which  the  feedback  system  Is  mean-square  stable  [3].  The  conditions 
Involve  the  sector  psrameters  of  the  nonllnearltles,  the  parameters  of  the 
stochastic  disturbances  and  the  Laplace  transforms  of  the  kernels. 

Consider  the  feedback  system 

x(t;w)  -  h(t;w)  -  /*  rQ(t-x)  K0(x-u)f0(u,x(u;w))du  dr 

“  /q  r^t-x)  (x-u)f^(u,x(u;u))dx^(u;w)dT 

-  /*  r2(t-x)  /*  K2(x-u)f2(u,s(u,w))ds2(u;u)dx.  (4.1) 

The  process  s2(t;u)  and  s2(t;w)  In  (4.1)  satisfy: 

(1)  tjUjw)  Is  a  random  process  such  that  *2(0;w)  •  0  and 

s(t;w)  -  s.(s;w)  -  J  v(x;w)fN(x;«) -  M(t”;w)). 
s<xlt 

2 

The  random  function  v(x;u)  has  mean  y  and  variance  a  and, 
corresponding  to  any  finite  set  the  random  variables 

vCXjiw)  are  Independent,  and  N(t;w)  Is  a  Poisson  process  with 
parameter  X  (see  [5],  page  88).  Furthermore,  v(t;w)  Is  Inde¬ 
pendent  of  all  Increments  N(t;w)  -  N(s;w). 

(11)  i^Uyi)  Is  a  standard  Brownian  motion  process. 

Under  the  above  assumptions  the  following  results  are  known  [3]: 

E  /*  f(t,x)ds2(x;w)  -  0;  E {/*  f (t,x)d*2(x;«))2  •  /q  *  f2(t,t)dx; 


(4.2) 
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E  /*  f <t,T)ds1(T;u)  •  Hi/’  f(t,t)d-t;  (4.3) 

E(/q  f(t,T)d[*1(t;«)  -  pAr))2  -  jj  E  f2(t,r)A(p2  ♦  o2)dr.  (4.4) 

W«  shall  further  uium  that  and  tj  ara  lndapandant  and  h  la  adalsalble 
and  non-anticipating  [3].  The  functions  r^,  K^,  and  f^(i  ■  0,1,2)  are 
ell  continuous.  The  nonlinearities  f ^  are  aector-bounded  and  satisfy  the 
condition 

|ft(t,u  ♦  v)  -  f^u)  -  c  v  |  i  | v | 

where  c  •  (i  ■  0,1,2),  u,v  c  R. 

In  what  follows,  we  shall  denote  the  Laplace  transform  of  a  function 
r(t)  by  r(s)  and  the  convolution  of  two  functions  f  and  g  by  f  *  g.  We  will 
now  present  a  stability  theorem  for  the  system  (4.1). 


Theorem  4.1  Assume 

(i)  (-7,  10)  d  u  L(a) 

where  R^a)  -  [ro(a)  *0<»)  ♦ 

and  Ip  >  0  is  such  that 
_  -f«t 

/0  e  (|r0(t)E0(t)|  ♦  |r1(t)E1(t)|)dt  < 

(li)  Let  it(a)  -  (1  -  R0(s))li1(s),  i  •  1,2  and 

W(a)  •  A(p2  ♦  o2)r(R1(a)K1(a))*(R1(s)E1(s))] 
(R1(s)K2(a))*(R1(a)K2(a)), 

so  that  ( - ,  i  0  )  4  u  W(s) . 

a  +b  Re  aa-#0 
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(ill)  sup 
•H, 


Id  -  wu))"1! 


(  ,  ,4.*  *<»*  +  j«-50»r*<M  + J*0>  _  , 

*  {  auP  /  — - - d*o 

(  fcR  1  (v+ J(t-C0))(M+  JC0)  1 

♦  ®UP  W<*>1  <  b^ 

•*-«o  » 

where  r*(s)  »  (1  -  Re(e))_1Cr0(8)  KQ(s)  +  r^s)  ^(s)] 


end 


sup  W(8)  >  ■  y~~2 
si-BQ  a  +b 


(Iv)  h  e  C^. 

Then  there  exists  a  unique  solution  x(t;u)  of  (4.1)  such  that 


sup  | |x(t;w)J L  s  M  sup  J Jh(t;w)| |2 
tiO  tiO 

for  some  M  >  0. 


Before  we  proceed  with  the  proof  of  the  theorem,  we  shall  first  prove 
the  following  lemma. 

Lemma  4.1.  Let  and  T*  be  operators  on  Cm  defined  by 


T1  V(t)  "  Jo  (ri  *  K1)2(t“T)v(T)dT, 

(4.5) 

T2  v(t)  "  ^0  (r2  *  ty2(t-T)v(T)dT. 

(4.6) 

Let  Tj  and  T2  be  operators  on  defined  by 
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TjXUjw)  »  /'  r^(t-x)  /*  K1(T-u)x(u;w)d(*1(u;u)  -  pA)du,  (4.7) 
T^x(t ;<u)  -  /q  r2(t-r)  K2(T-u)x(u;ti>)dz2(u;u)dT,  (4.8) 


where  r^,r2>K^,K2,z^  and  z2  are  as  In  equation  (4.1).  Assune  that  there 

exist  constants  c^,c2  >  0  such  that  ||cjT^  +  cj^2l I  >  1  and 
2  *  2  * 

(I  ■  c!  “  c2  T2^  is  invertible.  Then  the  operator  (I  -  e^Tj  -  c^)  Is 
invertible  as  a  map  from  to  C*  (C^  ■  Range  of  +  T2)  and 

||(I-  c1T1  -  c2T2rl|  |2  S  1 1  (I  -  cj  Tj  -  c2  lj)_1|  | . 


Proof.  The  assumption  that  ||CjT^  +  c2T2|(  >  1  implies  that  for  some 
X(t)  >  1,  there  is  a  y*  e  such  that 


M(c 

•  T  + 
1*1 

c2T2>/|  l2  "  !(*>!  l/l l2* 

(4.9) 

Let  A  = 

(/I 

ll(clTl  +  c2T2)y*||2  -  X(t)||y*||2). 

(4.10) 

Let  x,y 

<C1 

such  that  y  ■  x  +  c^T^y  +  c2T2y* 

(4.11) 

Then 

(|yll|  * 

INI 

2  *  llc^yll2  -  ||c2T2y||2  +  2|  |y|  |2C|  Ic^y  + 

C2^2^ ^  2^  * 

(4.12) 

Choose  y*  €  A  such  that  | |y*| |  ■  1 1 y 1 1 2 •  Then 


tlylll  -  I l/ll**  llx||2  -  M^t/112-  ||c2t2/||2 

+  2 1  |CjTj/  +  c^/l^CMt)]'1 
*  ||x||2+  (c2  T*  +  c2  Tj) | | y | |2»  (4.13) 


mu  mm  i!  m.  i 


20 


Hence , 

lly|l|  *  lid- eft -eft) -'ll  1 1>| || .  (4.i4) 

Equations  (4.11)  and  (4.14)  allow  us  to  conclude  that 

| | (I  -  c1T1  -  C2T2)”1||2  s||(I-  c2tJ  -  c2T2)_1||. 

To  show  that  (I  -  c^T^  -  c2^2^  m  *nver8€*  wc  note  that  the  operator 

is  an  onto  map  from  to  C^.  Therefore,  we  have  only  shown  that  it  is 

* 

one-to-one*  Let  y  €  Cj  such  that  y  *  (1  -  -  c2T2^xl  "  ^  ~  clTl  ~  C2T2^X2 

for  some  4  x2*  Then 

E(Xj-x2)2  -  [c2T*  +  c2T*3  E(x1-x2)2  -  0.  (4.15) 

2  *  7  * 

From  the  invertibility  of  the  operator  (I  -  CjT^  -  c2T2)  it  follows  that 
“  x2  almost  surely,  which  shows  that  the  map  (I  -  -  c2T2)  has  an 

inverse.  /// 


Proof  of  Theorem  4.1.  Rewrite  equation  (4.1)  as 

1  3  _ 

x(t;w)  «  h(t;w)  +  £  T.f  (t ,x(t;w))  +  £  T.f . (t,x(t;w)), 

i-0  11  i»2 


(4.16) 


where 


h  -  (I  -  cTQ  -  cT^'V 


-1- 


T.  -  (I  -  cT.  -  cT.)  AT.  ,  i  -  0,1, 2, 3 


fi(t,x)  -  f1(t,x)  -  c  x  , 


1  •  0,1,  and  c  “ 


a+b 


(4.17) 
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T^xUjo))  «  /q  r^(t-t)  /q  K1(t-u)x(u ;tu)yX  dudr.  (4.18) 

The  existence  of  (1  -  cTq  -  cT^)  *  follows  from  assumption  (i)  of  the 
theorem  [3]. 

Ue  shall  now  show  that  the  assumptions  of  Theorem  4.1  imply  those  of 

Theorem  3.3.  Condition  (ii)  of  the  theorem  implies  that  the  inverse  of 
2-*  2-*  ^ 

(I  -  c  T^  -  c  T^  )  exists  l3J.  Therefore,  from  Lemma  4.1  it  follows  that 
the  operator  (I  -  c(I  -  c(T^+T^))  ^(T^+T^))  is  invertible.  Further, 
condition  (iii)  [3]  and  Lemma  4.1  together  imply  that 

|  |  (l  _  c(I  -  c(T0+T1))"1(T14T2)f1|| 
x  [||(I  -  c(T0+T1))~1(T0+T1)|| 

+  | | (I  -  c(T0+T1))"1(T1+T2)| |]  <  1 


I 


The  other  conditions  are  easily  verified  and  the  conclusion  follows  from 
Theorem  3.3.  *  /// 
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